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Abstract 

Exact black hole solutions of the five dimensional heterotic S-T-U model 
including all perturbative quantum corrections and preserving 1/2 of = 2 
supersymmetry are studied. It is shown that the quantum corrections yield a 
bound on electric charges and harmonic functions of the solutions. 
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In |T[] Strominger and Vafa considered five dimensional string theory with = 4 super- 
symmetry to derive the Bekenstein-Hawking entropy [§] by counting black hole microstates. 
In this letter the low-energy effective action of the five dimensional S-T-U model in heterotic 
string vacua with N = 2 supersymmetry is studied. This model yields the Strominger- Vafa 
black hole including, in addition, perturbative quantum corrections. 

The action of five dimensional N = 2 supergravity coupled to = 2 vector multiplets has 
been constructed in and the compactification of = 1, D = 11 supergravity [M-theory] 
down to five dimensionens on Calabi-Yau 3-folds (CY^) with Hodge numbers /i2,i) and 
topological intersection numbers Casa has been given in The iVy-dimensional space 

Ai {Ny = hi I — 1) of scalar components of = 2 abelian vector multiplets coupled to 
supergravity can be regarded as a hypersurface of a /ii^i-dimensional manifold whose coordi- 
nates X{(j)) are in correspondence with the vector bosons (including the graviphoton) . The 
definining equation of the hypersurface is V{X) = 1 and the prepotential V is a homogeneous 
cubic polynomial in the coordinates X{(j)): 

V{X) = i CasaX^X^X^, a, S, a = 1, . . . (I.l) 
o 

In five dimensions the N = 2 vector multiplet has a single scalar and Ad is therefore real. 
Moreover, if the prepotential is factorizable, it is generically symmetric and of the form 

V(X) Q(X^+^), A = l,...Nv (1.2) 

where Q denotes a quadratic form. It follows that the scalar fields parametrize the coset 
space 

The bosonic action of A^ = 2 supergravity coupled to Ny vector multiplets is given by 
(omitting Lorentz indices) 

e-'C = -l-R - l-9^,^(t>'^(|)^ - Igaj^F^F"" + ^CasacF^F^A^. (1.4) 
Z Z 4 4o 

The corresponding vector and scalar metrics are encoded in the function V completely 

G'As = -^aAaslnV(X)|v=i, (1.5) 
9^J = G'ae9.X^(0)5,X^(0),v=i. (1.6) 
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Here the derivatives in the scalar metric are with respect to the hi ^ coordinates X^{(j)) and 
the hi^i — 1 scalar fields 0*, respectively. It is useful to introduce special coordinates and 
their duals @] : 

tA(0) = CAEAt''(0)t^(0) = CAE(0)t''(0) (1.7) 

From these definitions follows tHj^ = 1 and CasC^^ = 6^. In these special coordinates 
one finds for the gauge coupling matrix 

Gae = -^(C^As - ^U^e), = --^iC^'' - 3t^t^) (1.8) 

with GasG^^ = 5/ and gij = ~3CA^dit^djt^ . 

It has been shown in 0^ that the supersymmetry transformations of the gaugino and the 
gravitino vanish if the (electric) central charge Z = t^qA, appearing in the supersymmetry 
algebra, has been minimized in moduli space {diZ = 0). This minimization procedure yields 
the fixed values of the moduli on the black hole horizon . Equivalently one may use the 
"stabilisation equations" 

QA = tA ^fix, Zl = Ct^QAqj,. (1.9) 

The geometry of the corresponding extreme D = 5 black holes is determined by the following 
metric 

where the metric function e'^^^^^ is a function of harmonic functions. The moduli for so- 
called double-extreme black holes are constant and given by their fixed values throughout 
the entire space-time 0. For these double-extreme black holes the gauge fields satisfy 
2y/—gGAj]F^ = Qa- Moreover, the entropy of extreme black holes in five dimensions is 
given by 

In D = 5 point-like objects are dual to string-like objects. Thus, corresponding to the 
electric central charge Z exist the dual magnetic central charge Z^ = tAV^ with magnetic 
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charges p^. The electric and magnetic charges arise in M-theory from two- and five-brane 
sohtons which wrap even cycles in the CY-space Ipjp^. 



Here, F4 is the field-strength of the three- form in D = 11 supergravity while Gj = 
is its dual; [C^] denotes a four- [two-] cycle in GY^. From the point of view of the 
heterotic string ^2,3 correspond to perturbative electric charges of Kaluza-Klein excitations 
and winding modes, is the charge of the fundamental string and p"^'^ [qi] arise from 
D = 10 solitonic five-branes wrapping around [K^ x Si]. The magnetic central charge 
Zm determines the tension of magnetic string states as a function of the moduli. Thus, 
analogous to the fixed value of the electric central charge, there exist a fixed value for the 



string tension Ip^pD 



/ = Z„,fix, ^^,fix = 27Casa/pV- (1-13) 
It follows that the D = 5 entropy-density of the magnetic string is given by [|I2| 

Ss ~ \Zm\%, ~ (Caea/pV)'^' • (1-14) 
Compactifying the D = 10 effective heterotic string on K3 x Si one can construct the D = 5, 



N = 2 S-T-U model [|1J]. This model contains 244 neutral hypermultiplets, which we will 
ignore in the following. Moreover it contains three vector moduli S, T and U, where S 
denotes the heterotic dilaton and T, U are associated to the graviphoton and the additional 
U{1) gauge boson of the 5*1 compactification. The D = 5 heterotic S-T-U model is dual to 
M-theory compactified on a Calabi-Yau threefold 0. Further compactification on 5*1 yields 
the rank 4 S-T-U model in D = 4, which is dual to the ^24(1, 1, 2, 8, 12) model of the type 



II string compactified on a Calabi-Yau [Q. In special coordinates the prepotential reads 



V{S,T,U) = STU + h{T,U) (1.15) 

The function h{T, U) denotes perturbative quantum corrections, which have been determined 
ini 

h{T, u) = -u'' e{T -u) + -T^ e{u - t). (i.ie) 

3 3 

Here we have introduced the parameter a = 1 in order to discuss the classical limit a ^ 
in the following explicitly. In the classical limit the scalar fields parametrize the coset (|I.3D 
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with Ny — 2. Using very special geometry the dilaton field S can be eliminated through 
the algebraic equation 

o 1 - h{T. U) 



TU 



For convenience we define the functions 



2a 



e{y-x) --y^ 0{x-y), 



9{x, y) = S{y -x)-- y^ 5{x - y). 



It follows 



duS^ 



l + f{T,U) g{U,T) 



T^U TU ' 

l + f{U,T) g{T,U) 



U^T TU 
If we take t^'^'^ = {S, T, U), we find for the dual coordinates 

h = -TU, 
3 ' 

t^^^SU+^T^e{U-T) 
ts = ^ST+'^U'eiT-U) 
Thus, for the matrix C (with components Cae) we obtain 
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U T 

U 2aT9{U-T) 
y T i^^^ 2aUe{T -U) j 

Hence, the gauge coupling matrix reads 
1 



(1.17) 



(1.18) 



(1.19) 



(1.20) 



(1.21) 



G 



2 • 62/3 



T^W Uf{T,U) 
Uf{T,U) ^[l-2h{T,U) + p{T,U)] 



Tf{U,T) 
2h{T, U) 



TU 



Tf{U,T) 



2h{T, U) 



A^[l-2h{T,U) + p(U,T)] ] 



(1.22) 



Moreover, it is straightforward to compute the metric Qij of the scalar fields 



^[1 - h{T, U) + Tg{U, T)] 2^[1 + 2h{T, U) + Tg{U, T) + Ug{T, U)] 



\ 2TU 



Ul + 2h(T, U) + Tg{U, T) + Ug{T, U)\ 



^[l-h{T,U) + Ug{T,U)\ 



;i.23) 
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It follows in the weak coupling regime S > T > U > 



det g 
detG 



3 1 



1 , 

1 



288 



U 



1 



(1.24) 
(1.25) 



Note that the gauge coupling matrix depends only on U. Thus, one obtains for the bound- 
aries of the Weyl-chamber S > T > U 



boundary 


det g 


critical points 


U -^0 


diverges 




S 


regular 




S 


degenerates 




T 


regular 





Here the boundaries are regular up to the critical points with detfj'crit. = (0, oo). The 
chamber S > T > U > has three boundaries. The lines S = T and T = U are generically 
regular. These two lines intersect at one point in moduli space {S = T = U). Classically 
this intersection point is a "double self-dual point" , i.e. this point is self-dual with respect 
to T-duality {R = 1) and S-duality {g^ = 1). Including quantum corrections one obtains 

a. 



Uo = {l + ^)-'/^ = ^7crit.(5 



T) = t/crit.(T^t/) 



(1.26) 



at this point. Thus, the scalar metric degenerates at this point and, therefore, the moduli 
space simply ends here [ITT . 



For convenience we will restrict ourselves now to the fundamental Weyl chamber T > U. 
Moreover, we will consider first of all double-extreme black hole solutions before studying 
the bigger class of extreme solutions given in |16|. Starting with the prepotential ([I.15| ) and 
the constraint V(X) = 1 one obtains^ from the electric stabilisation equations 



3qi 



ZTU, 



3g2 



ZSU, 



3g3 



ZST + aZU^ 



(1.27) 



It follows 



{2aU^ + 3)Z - 9q^U = 0, 



aZ^U^ - SqsZU'^ + 9gig2 = 0. 



(1.28) 



^In this double-extreme context all the operators take their fixed values in moduli space. 
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In the classical limit (a = 0) one obtains for the fixed values of the fields [|T0 



'HfT' ^^(t)" ^^(t)" 

and the central charge Z = 3(gig2Q'3)^^'^- Thus, we obtain the Strominger-Vafa black hole |l| 
with entropy 

SbH = T^TT- Vlll2<l3- (1-30) 

Including the quantum corrections (a = 1) one obtains a quadratic equation in with 
solution 



3 /4agig2-3g|\ 
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2a I 4agig2 + 3gp 



3, 



9gig2 



= A 2 1% 2 (1-31) 
Since [/ is real we obtain a bound 7^ — 5 > 0, which becomes, in terms of the charges, 

ql > 4gig2. (1.32) 

The appearance of this bound is a true quantum effect. The corresponding fixed values of 
the moduli S, T and the central charge follow from the solution straightforward. Note that 
the solution also has to satisfy the inequality S > T > U in terms of the charges. In the 
classical limit this condition is satisfied if qs > q2 > Qi- It follows q"^ > qiq2 and, therefore, 
the quantum bound is stronger^. If we consider, for convenience, the case where ( 1.32 ) is 
saturated, we obtain for the fixed values of the fields 

It follows that the black hole entropy is given by 

Sbh = ^ {q,f''. (1.34) 



thank M. Green for a discussion on this point. 
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Clearly this result does not coincide with the classical entropy ( |I.3(]| ) in the limit = 4gig2- 
Note that the metric function is always given by e^^ = 1 + ^ in the double extreme limit 
T6| . Moreover, the entropy vanishes if one of the electric charges vanishes. The dual string 



solution as been extensively discussed in the literature p!3| , p!2|JT0| . The fixed values of the 
scalar fields are given by S, T, U 
charge reads 



p ' '^/Zm and the fixed value of the magnetic central 



1^2 ^3 



3 [p p p 



n \ 1/3 



;i,35) 



In the classical limit the electric and magnetic central charge are dual to each other, if one 
exchanges electric and magnetic charges. This property does not hold at the quantum level. 
It follows that some of the magnetic charges can vanish to give a non-trivial entropy-density 
of the dual magnetic string. 

Now we will consider the more general class of black hole solutions of [|l^. The static, 
spherically symmetric BPS black hole solution of []TB[ has metric ( [I.IOD and 



2G'AS-^0m 



^dr,.drr,.H\{r) 



^ 



n, m 



1,2,3,4 



hA + 



Qa 



(1.36) 



Here the five-dimensional harmonic functions H\ are characterized by the electric charge qa 
of the three abelian gauge fields (including the graviphoton) and the arbitrary constants h^. 
For special values of we obtain the double-extreme solution discussed above. Moreover, 
the solution satisfies 
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From (|1.371 ) follows 



:i.37) 



'2V 



Hi 



TU, 



SU, 



ST + aU' 



(1.38) 



Thus, analogous to the double-extreme black hole solution we obtain 



{2aU' + 3) e'^ - SH^U = 0, 



(1.39) 



In the classical limit (a = 0) one finds 
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-(^y^ -(^r- (-) 

Including the quantum corrections (a = 1) one obtains again a quadratic equation in 
with solution 



3 fAaHiH2-3Hf 



^ 2a\AaHiH2 + 3Hi J 

Aa?HiH2 + 3a//| ^ ' ^ 

Since C/ is real we obtain the bound 7^ — (5 > 0. If we take, for instance, AH1H2 + S-f^l > 
we obtain, in terms of the harmonic functions. 

Hi > 4:HiH2. (1.42) 

The corresponding values for the moduli 5", T and the metric function e^^ in terms of har- 
monic functions follow straightforward. Note that this black hole configuration exhibits a 
Z2 symmetry: H\ — > e'^^^i^A for integer n. The corresponding black hole entropy of this 
extreme black hole solution is by definition the same as for the double-extreme solution. Al- 
though we can compute now the full quantum solution, i.e. the values of the moduli on the 
horizon, the entropy and the metric, these expressions are not very illuminating for the exact 
solution. Instead we give here the first order quantum corrections to various quantities to 
give a qualitative discussion, i.e. we omitt contribution of order C(a^). The corresponding 
fixed values of the moduli on the horizon are 

/ \ 1/3 / s 1/3 / s 1/3 

V = ( ^ j (1 - ^Ifix = f (1 - «), ^Ifix = ( (1 + 2a) (1.43) 

with a = ^^pr^. It follows for the central charge = 3(^15253)^'^^ (1 — «)• The corre- 
sponding black hole entropy is 

Moreover, the leading order correction for the metric function e^^ is given by 

e^^ ^ {H,H2H,f' {1 - A) , A = ^^, (1.45) 
Near the horizon (r = 0) the metric becomes approximately 



9 



ds^ = dt^ + ^dr^ + X'dnl = {qiq2qzY'\l - a) (1.46) 

It follows that the five-dimensional space-time manifold A^s is a product space near the 
horizon M.^ = AdS2 x with symmetry group 5*0(2, 1) x 5*0(3). It is straightforward to 
obtain the leading order quantum correction to the ADM-mass of this extreme black hole. 
Using diffeomorphism invariance the metric can always be brought into the following form: 



ds' = -{l-^-^^^ + ---) de + ■■■ (1.47) 



Introducing "dressed charges" gA = Q'a/^a and expanding the metric function one obtains 



In the classical limit we obtain the results of [|1^]. Moreover, we find that there are no 
leading order quantum corrections to the ADM-mass if 

= 2. (1.49) 

Q3 

In addition, the extreme black hole solution has vanishing ADM-mass if 

hi _a 2^3 - gi - ga 
hih2 3 gi + gs + ' 
Although this result only holds to the leading order one expects a similar condition for the 
massless black hole configuration including all quantum corrections. 

To conclude, exact black hole solutions preserving 1/2 of = 2 supersymmetry in the 
five dimensional S-T-U model including all perturbative quantum corrections have been 
studied. It has been shown that the quantum corrections yield a new bound on electric 
charges and harmonic functions of the solutions. The appearence of bounds of this kind 
in A^ = 2 supersymmetric models in five and four dimensions has been previously studied 
in |ll7| , p!0[| . It would be very interesting to find the corresponding statistical mechanical in- 
terpretation of the black hole entropy analogous to the analysis of Strominger and Vafa 
including this quantum bound. 



Acknowledgments 

I would like to thank T. Mohaupt for discussions. This work is supported by DFG. 



10 



[1] 

[2] 

[3] 
[4] 
[5 



[6] 
[7] 



[8] 
[9] 
[10 

[11 
[12 

[13 

[14 

[15 

[16 



REFERENCES 
A. Strominger and C. Vafa, Phys. Lett. B379 (1996) 99; 

J. Bekenstein, Lett. Nuov. Cim. 4 (1972) 737; Phys. Rev. D 7 (1973) 2333; 
S. Hawking, Nature 248 (1974) 30, Comm. Math. Phys. 43 (1975) 199. 

M. Giinaydin, G. Sierra, P.K. Townsend, Nucl. Phys. B242 (1984) 244; 

A. Chamseddine, S. Ferrara, G.W. Gibbons, R. Kallosh, Phys. Rev. D 55 (1997) 3647. 

A.C. Cadavid, A. Ceresole, R. D'Auria, S. Ferrara, Phys. Lett. B357 (1995) 76; 
G. Papadopoulos and P.K. Townsend, Phys. Lett. B357 (1995) 300; 
S. Ferrara, R.R. Khuri and R. Minasian, Phys. Lett. B375 (1996) 81; 

L Antoniadis, S. Ferrara and T.R. Taylor, Nucl. Phys. B460 (1996) 489. 

S. Ferrara, R. Kallosh, A. Strominger, Phys. Rev. D52 (1995) 5412; 

S. Ferrara and R. Kallosh, Phys. Rev. D 54 (1996) 1514, Phys. Rev. D 54 (1996) 1525; 

S. Ferrara, G. W. Gibbons and R. Kallosh, Nucl. Phys. B500 (1997) 75; 

F. Larsen and F. Wilczek, Phys. Lett. B 375 (1996) 37; 

R. Kallosh, M. Shmakova, W.K. Wong, Phys. Rev. D 54 (1996) 6284; 

A. Chou, R. Kallosh, J. Rahmfeld, S.-J. Rey, M. Shmakova, W.K. Wong, Nucl. Phys. 
B508 (1997) 147. 

E. Witten, Nucl. Phys. B471 (1996) 195. 

K. Behrndt, G. Lopes Cardoso and I. Gaida, Nucl. Phys. B 506 (1997) 267, 

K. Behrndt and T. Mohaupt, Phys. Rev. D 56 (1997) 2206 . 

S. Kachru and C. Vafa, Nucl. Phys. B450 (1995) 69; 

K. Becker, M. Becker and A. Strominger, Nucl. Phys. B456 (1995) 130. 



W.A. Sabra, [hep-th 9708103 



A. Chamseddine and W.A. Sabra, piep-th 9801161 



[17] K. Behrndt, Phys. Lett. B 396 (1996) 77; 



